The magnetoconductivity proportional to B 2 with B the strength of applied magnetic field is calculated in monolayer graphene in a self-consistent Born approximation for scatterers with longrange potential such as a Gaussian potential and a screened Coulomb potential. The results are used for obtaining the magnetoresistivity proportional to B 2 in the Hall-bar geometry together with the weak-field Hall conductivity proportional to B. The magnetoresistivity shows a distinct and sharp double-peak structure in the vicinity of zero energy.
I. INTRODUCTION
The electron motion in monolayer graphene is described by Weyl's equation for a massless neutrino with a constant velocity. [1] [2] [3] [4] [5] This gives various singular behaviors of transport quantities at zero energy such as the delta-function singularity of the diamagnetic susceptibility 1, [6] [7] [8] and the singular point at zero energy in the conductivity. 7, 9 Such singular behavior in the transport is expected to be enhanced in the presence of a weak magnetic field, because of divergence of the classical cyclotron frequency at zero energy. In a previous paper, a formula for weak-field magnetoresistance was derived by the expansion of the Kubo formula with respect to applied magnetic field. 10 The purpose of this paper is to use this formula and calculate the magnetoresistance in monolayer graphene containing realistic scatterers with long-range potential.
Several reviews have already been published on intriguing electronic properties of graphene. 7, [11] [12] [13] [14] [15] In particular, states are characterized by Berry's phase of ±π under the rotation of wave vector k around the origin, 16, 17 giving a topological singularity at k = 0 or at zero energy. Some of the singular behaviors are likely to be related to this topological singularity, but direct relations have not been established yet. As will be explicitly shown below, the magnetoresistance exhibits a sharp double-peak structure in the vicinity of zero energy. This result is expected to give some contribution to this problem although indirectly.
It has been shown that a divergence problem appears in the formula for the weak-field Hall conductivity and causes serious problems in particular in the case of scatterers with long-range potential. 18 This can be avoided by introduction of an artificial imaginary self-energy and then by numerically extrapolating results to zero. This procedure has to be explicitly used for the calculation of the magnetoresistance in a self-consistent Born approximation employed in this paper, as will be shown below.
The paper is organized as follows: In Sect. II, an effective-mass description of electronic states in graphene is briefly reviewed and the calculation procedure of the magnetoresistance within a self-consistent Born approximation is discussed. In Sect. III, numerical results are presented for scatterers with a Gaussian potential and for more realistic charged impurities. In Sect. IV, the results are briefly discussed together with relation with experiments. A short summary is given in Sect. V.
II. FORMULATION
In graphene, conduction and valence bands with linear dispersion cross at the K and K' points located at a Brillouin-zone corner. 19, 20 The electronic states in the vicinity of the K point are described by the k·p equation:
where γ is a band parameter andk = (k x ,k y ) = −i∇ is a wave-vector operator. The parameter γ is related to tight-binding parameter γ 0 through γ = ( √ 3/2)aγ 0 , where a is the lattice constant given by a = 2.46Å and γ 0 ≈ 3.16 eV. 21 The states are specified by band index s = ±1 and wave vector k. The wave function and the energy band are written as
where L is the linear dimension of the system, k = |k|, k x = k cos θ k , and k y = k sin θ k .
For states in the vicinity of the K' point,k + andk − should be exchanged in the Hamiltonian, but the conductivity is the same. Terms higher order ink are known to be present and to give rise to trigonal warping and asymmetry between the conduction band and the valence bands. 22 Such small corrections, which may become important for energies away from ε = 0, are completely neglected in the following.
The density of states and the carrier concentration are given by
respectively, where g s = 2 is the spin degeneracy, g v = 2 is the valley degeneracy associated with the K and K' valleys, ε F is the Fermi energy, and sgn(ε) denotes the sign of ε.
The velocity operators are given by
which are rewritten as
with
For the calculation of the Hall conductivity, we shall also define
The formula for the weak-field magnetoconductivity proportional to B 2 has been derived in a previous paper, 10 by extending the procedure used for the weakfield Hall effect, 23, 24 and is given by three terms:
where the magnetic length is given by l = √ ch/(eB), 'Tr' means the summation over all states, and
The self-energy part in the self-consistent Born approximation.
In the above, H is the total Hamiltonian
with the impurity potential
where u i (r−r j ) is the potential of an individual impurity and r j denotes its position. We consider scatterers with isotropic potential
where u i (q) = u i (q) with q = |q|. For scatterers with a potential with nonzero range, we have to perform numerical calculations to obtain the Green's function and transport quantities, because of the presence of the explicit dependence of the self-energy and vertex functions on k = |k|. The dependence on the direction θ k of k can be eliminated in various ways as previously shown. [25] [26] [27] [28] [29] [30] [31] [32] [33] In this paper, we shall employ the scheme in which the θ k dependence is eliminated using U (θ k ).
The matrix Green's function averaged over every configuration of scatterers is written as
On the basis of the symmetry, the dependence on the direction of k in the Green's function and the self-energy can be eliminated by setting
In a self-consistent Born approximation, the selfenergy matrix is diagrammatically shown in Fig. 1 and given by where n i is the impurity concentration. With the use of U (θ k ), the dependence on θ k is removed and
In the above we have defined
with (2, 2) matrix Γ(k) and
with integer n, where the integral is performed over θ k ′ k , the angle between k and k ′ , for fixed k and k ′ . The integration over θ k can immediately be performed in the formula of the magnetoconductivity. As a result, each term of ∆σ(ε) is diagrammatically represented by a hexagon as shown in Fig. 2 , in which the current vertices have been replaced by those corresponding to v + and v − . The first term ∆σ (a) (ε), for example, is represented by diagrams shown in Fig. 3 . The diagrams (i) to (n) with negative sign appear because multiple counting should be avoided. The diagram (o) with factor two takes care of the over subtraction given by (i) to (n).
There appear single, double, and triple vertex functions, which satisfy the Bethe-Salpeter type equations represented by Fig. 4 . The equations for single 
The equations for the self-energy and for single and double vertex functions are the same as those given in a previous paper. 
The single, double, and triple vertex functions required for calculations of the magnetoconductivity in the selfconsistent Born approximation. The Green's functions denoted by solid lines are either retarded or advanced.
For example, ∆σ (a) is explicitly written as
for integer n, where 'Tr' is now for (2,2) matrices,
s1s2s3 (−+++), etc. Similar expressions can be written down also for ∆σ (b) (ε) and ∆σ (c) (ε). The weak-field magnetoresistivity ∆ρ in the usual Hallbar geometry is defined by
Therefore, we should calculate also the conductivity σ in the absence of a magnetic field and the weakfield Hall conductivity σ xy proportional to the magnetic field. The calculation of these quantities has been discussed in previous papers. 18, 28, 34 Because we use the self-consistent Born approximation, we cannot discuss interference effects such as those described by maximally crossed diagrams, [35] [36] [37] leading to crossover between weak localization (negative magnetoresistance) and antilocalization behavior (positive magnetoresistance) [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] corresponding to the presence of special time-reversal symmetry.
52,53

III. NUMERICAL RESULTS
As has been previously discussed, 18 the equation for some of the double vertex functions can exhibit divergent behavior. Therefore, in general, we have to introduce imaginary energy ±i∆ and then take the limit ∆ → 0 to obtain the weak-field Hall conductivity σ xy . This procedure can be avoided by an appropriate choice of the formula for the Hall conductivity, but cannot be avoided for the magnetoconductivity ∆σ. We choose as in a previous paper
with small parameter δ (δ > 0) and
where σ and σ 0 are the diagonal conductivity calculated with and without vertex corrections, respectively, and all We introduce the cutoff energy ε c and the wave vector k c through ε c = γk c , where we set ε c ≈ γ 0 , corresponding to the region where the linear dispersion is approximately valid. We discretize k and numerically solve the selfconsistency equation and Bethe-Salpeter-type equations iteratively in a manner discussed previously.
28-34,54,55
The actual value of k c is irrelevant as long as the effective range of the impurity potential is larger than the lattice constant.
First, we consider scatterers with a Gaussian potential
with range d. The scattering strength is characterized by dimensionless parameter
with impurity density n i , as in previous works. [28] [29] [30] [31] [32] [33] In the present system there is no energy scale except γ/d determined by the potential range and therefore the results become universal when the energy is scaled by γ/d. Fig. 6 (a) , the Hall conductivity exhibits a sharp step-function-like discontinuity in the vicinity of zero energy for weak disorder W = 0.15 and this behavior rapidly becomes weaker with the increase of W . Similarly, the magnetoconductivity given by the solid lines exhibits a sharp double-peak structure in the vicinity of zero energy. This sharp feature quickly becomes weaker with increasing W . As shown in Fig. 6 (b) , the magnetoresistivity is positive, exhibits a sharp double-peak structure in the vicinity of zero energy for weak disorder W = 0.15, and quickly vanishes when the energy moves away from zero. The magnitude of the positive magnetoresistivity rapidly decreases with increasing disorder.
In the short-range limit, the Boltzmann conductivity becomes σ = g s g v e 2 /(4π 2h W ), which is independent of carrier concentration n s as long as the dependence of W on n s is neglected. 9, 56 Experimentally, however, the conductivity increases almost linearly with n s , showing that the effective scattering strength in actual graphene on the SiO 2 substrate varies considerably with n s .
57 Plausible scatterers giving rise to such strong n s dependence are charged impurities.
56,58
When the screening effect is included within a Thomas-Fermi approximation, the potential is
where κ is the static dielectric constant and q s is the screening constant given by
at zero temperature, where D(ε) is the density of states. 59 The Thomas-Fermi approximation is known to describe the q dependence of the dielectric function quite well for q < 2k F , where k F is the Fermi wave-vector given by |ε F |/γ. 56, 60 When the top side of graphene on a substrate with κ ox is covered by a dielectric material with κ out , we have 59 κ = 1 2 (κ ox +κ out ). In graphene on the SiO 2 substrate, we have κ ox ≈ 4 and κ out = 1, giving κ ≈ 2.5.
In the case of dominant charged impurities, the scattering strength varies as a function of D(ε F ) and therefore should be determined in a self-consistent manner. Calculations without this self-consistency were previously reported. [25] [26] [27] Furthermore, the energy integration of the density of states giving the carrier concentration must be performed for each Fermi energy. The concentration will be measured in units of
For Figure 7 shows some examples of calculated magnetoconductivity and Hall conductivity in (a) and magnetoresistivity and conductivity in (b) in the case of dominant charged-impurity scattering in the presence of nonzero imaginary energy. The impurity density is chosen as n i /n c = 0.05. The extrapolation toward δ = 0 is again successful and the results for δ = 0 are quite reliable. Figure 8 (a) shows some examples of calculated magnetoconductivity and Hall conductivity in the case of dominant charged-impurity scattering as a function of energy, obtained by extrapolation toward δ = 0. The Hall conductivity does not exhibit singular step-like behavior and varies almost linearly as a function of energy in the vicinity of zero energy. The magnetoconductivity −∆σ takes the minimum with nonzero value at ε = 0 and monotonically increases when the energy moves away from ε = 0. These smooth features of σ xy and −∆σ are due to large disorder induced by long-range Coulomb potential in the vicinity of ε = 0. In fact, the prominent double-peak structure of −∆σ as well as the step-like structure of σ xy for scatterers with a Gaussian potential rapidly becomes weaker with the increase of the disorder as has been shown in Fig. 6 .
As shown in Fig. 8 (b) , the magnetoresistivity becomes positive and exhibits a double-peak structure near ε = 0.
The dip at ε = 0 is less prominent in comparison with that for scatterers with a Gaussian potential, however. The peak energy moves away from ε = 0 with increasing impurity concentration and the peak height and the dip depth remain nearly the same. This suggests a universal behavior similar to the case of scatterers with a Gaussian potential. Figure 9 shows the magnetoconductivity, the weakfield Hall conductivity, the magnetoresistivity, and the zero-field conductivity when the carrier concentration is scaled by the impurity concentration and the length is scaled by (n i ) −1/2 determined by the impurity concentration. The results for different n i nearly fall onto a single curve in such a plot. There remains some small discrepancy in contrast to the γ/d plot in the case of scatterers with a Gaussian potential. In fact, exact universality is not to be expected, because the screening constant and the density of states are determined in a self-consistent manner and as a result the scattering strength of a single impurity itself varies with the impurity concentration. It is rather surprising that the universality is almost valid in the case of charged impurities.
IV. DISCUSSION
In a previous paper, the magnetoconductivity was calculated in a constant broadening approximation, 10 which has been frequently used for the purpose of giving qualitative behavior of transport coefficients in graphene and related systems. [61] [62] [63] [64] [65] [66] [67] [68] The results show a clear doublepeak structure in the vicinity of zero energy, which is in qualitative agreement with the results of the present calculation in the self-consistent Born approximation. Quantitatively, however, the constant broadening approximation is insufficient because it gives negative magnetoresistance with a double-dip structure near zero energy. In a Boltzmann theory, for example, the magnetoresistivity is written as
This shows that the magnetoresistivity becomes positive or remains nonnegative in the presence of multiple bands at the Fermi level and/or at nonzero temperatures. The present much more elaborate calculation in the self-consistent Born approximation shows a clear positive magnetoresistance. Let us consider an electron with energy ε and consider the region ε > 0. For sufficiently high ε, the electron motion is well approximated by the Boltzmann transport equation and therefore ∆σ(B) ≈ −σ xy (B)
2 /σ, leading to ∆ρ(B) ≈ 0. When ε becomes small and comparable to the energy broadening due to disorder, the electron sometimes behaves as a hole with negative energy. This situation is expected to be close to that of the transport in the presence of two carriers and therefore lead to the positive magnetoresistance, as shown in Eq. (50) .
This classical picture is likely to breakdown in the extreme vicinity of zero energy, where the electron wavelength becomes infinitely long. Then, the electron motion is determined effectively by a certain average of the cyclotron frequency and that of scattering strength. Thus, the situation is again reduced to that of a single-carrier system where the magnetoresistance vanishes. This may be a plausible reason for the appearance of the doublepeak structure near zero energy. It is certainly possible that the reduction of the magnetoresistance at zero energy arises due to completely different mechanisms.
There have been various reports on experimental observation of the magnetoresistance near zero energy.
69-72
In particular, a large peak has been observed in the vicinity of zero energy. 69, 70 This single-peak structure is qualitatively different from the double-peak structure obtained in this work and the peak height is one order of magnitude as large as the present result. This large enhancement in the positive magnetoresistance has been analyzed in terms of the presence of large macroscopic inhomogeneity. [73] [74] [75] [76] [77] In fact, the presence of inhomogeneity has been experimentally suggested in graphene on a SiO 2 substrate by the measurement of so-called electronhole puddles. 78 In inhomogeneous systems, the actual current paths can be quite complicated and the role of the counter term due to the Hall current is expected to be reduced considerably.
It may be necessary to make calculations including effects of macroscopic inhomogeneity based on the present result in order to understand these experimental results.
Such calculations are beyond the scope of the present work and left for future. Furthermore, the double-peak structure predicted in this work may be experimentally observed when the quality of graphene samples is sufficiently improved.
V. SUMMARY AND CONCLUSION
The magnetoconductivity ∆σ(B) ∝ B 2 has been calculated in graphene in a self-consistent Born approximation for scatterers with long-range potential such as a Gaussian potential and a screened Coulomb potential and has been used for the calculation of magnetoresistivity ∆ρ(B) ∝ B 2 in the Hall-bar geometry by combining the weak-field Hall conductivity σ xy (B) ∝ B obtained in the same approximation scheme. The results show a distinct double-peak structure of the magnetoresistivity in the vicinity of zero energy, positive in contrast to the negative magnetoresistance with a double-dip structure obtained in a constant broadening approximation. The proper inclusion of vertex corrections in the hexagon diagrams is essential in giving the positive magnetoresistivity. Furthermore, the divergence appearing in some of double vertex functions should be avoided by introducing an artificial imaginary energy ∆ and then numerically taking the limit ∆ → 0.
